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Abstract

We study a new dynamic of generalized networks of queues. We consider networks with
multiple classes of customers and signals, and three types of service disciplines: FIFO, LIFO/PR
and Processor Sharing. Moreover, we consider a probabilistic deleting mechanism based on
iterated deletions of customers according to an arbitrary list of service stations. We prove that
these networks have a steady-state product form solution and we investigate the existence of a
solution to the traffic equation of such networks.

1 Introduction

Generalized networks (G-networks for short) is one of the newest topics in queueing networks
theory. Since they have been introduced by Gelenbe in [12][17], they have received considerable
attention as, despite synchronized transitions between customers, they still exhibit product-form
steady-state distribution. As synchronizations between queues (for instance synchronized arrivals
generated by a fork) usually make the model non-product form, G-networks appear as a very
appealing model to represent and analyze systems with synchronized transitions. However, it must
be very clear that complex synchronizations that we obtain with G-networks are not necessarily
equivalent to synchronizations we already use in other modeling techniques such as Petri nets.

G-networks synchronizations are based on the interaction between customers and signals. In
the early papers, signals were also denoted as negative customers. They are sent into a queue,
they may act upon some customers present in the queue and disappear instantaneously. Signals
are not queued in the network and never receive service.

As customers may, at the completion of their service, become signals and be routed into an-
other queue, G-networks exhibit some synchronized transitions which are not modeled by Jackson
networks. Various effects of signals have been investigated to prove a product-form solution. But
they quite always imply that the customer in service leaves the queue immediately. So the synchro-
nizations described by G-networks contain the simultaneous departures of some customers from
two queues.

These networks have a steady-state product form solution under usual Markovian assumptions:
Poisson arrivals of external customers and signals, i.i.d. exponential service times and probabilistic
routing. We also assume that the queues have an infinite capacity.

Basic interactions between customers and signals have been considered in [13][16][18]. In this
paper, we prove that product form solution is preserved even if the G-networks have a very complex



dynamic based on the iterated deletions of customers from an arbitrary list of stations. We prove
these results for networks with multiple classes of customers and multiple classes of signals. Three
service disciplines are considered: FIFO, LIFO and PS. The deletion probabilities at each step
of the iterated mechanism may depend upon the classes of the signal and the customer but also
upon the step of the iteration. We also show that such a dynamic may be obtained, in an heuristic
way, as the limiting behavior of some basic synchronizations which are described by Gelenbe as
G-networks with triggers [14] in a monoclass paradigm and which has been recently extended by
Gelenbe et al. [19] for multiclass networks. So, we emphasize Gelenbe’s result on networks with
triggers as an heuristic to design more complex networks with product form solution.

Our model is a generalization of former results on multiclass G-networks with exponential
service times and where the signals delete a customer or a group of customers. These are described
below. For the sake of completeness, one may add the results of Chao [2]. His approach is quite
different as he assumes that the service time distribution is Coxian and that the signals only trigger
the end of a phase of the service.

e In [7], Fourneau et al. have presented the first G-networks with multiple classes of positive
and negative customers. Negative customers may be viewed as signals which delete only the
positive customer in service. Three types of service disciplines were considered: FIFO, LIFO,
and PS. The service times are class dependent except for FIFO queue. And the probability
that a negative customer succeeds in deleting a positive customer is dependent on the classes
of the two customers involved in the interaction. Thus, multiple classes of negative customers
allow to represent various deletion abilities. As usual, there exist some restrictions on the
deletion probability for FIFO queues.

e In [19], authors have generalized Gelenbe’s results on networks with triggers using the same
approach as in [7]. The limitations are the same.

e In [5], authors have presented a network of PS queues where the signals flush the queue.
Then, they have generalized to more complex networks of queues with FIFO, LIFO and PS
disciplines and iterated deletions [6]. This last result is related to our paper. In [6], the
authors consider that the deletion process is iterative but it is assumed that the iterations
remain on the same queue. Thus, a signal sent by a station synchronizes only two queues.
It is denoted as a (—1, —a) synchronization as a customer at the completion of its service
leaves the queue and is changed into a signal which deletes a random number a of customers.
The distribution of @ and its decomposition in classes depend on the state of the queue,
the service discipline and the probabilities of success at each step of the iterative deletion
mechanism.

Our model is much more complex since we assume that the deletion process takes place in
an arbitrary list of queues. It is also related to new results presented by Serfozo and Yang in
[21]. They proved that the list-oriented deletion process (denoted as string) have a product form
solution. Briefly, their model is a single class model and does not include a description of service
discipline for multiclass networks. They only suggest in some examples to apply their results to
networks with PS service discipline.

The paper is organized as follows. In section 2 we present an example of a complex dynamic
with product form, we also show how this behavior is modeled by a G-network with triggers and
instantaneous services. We present our model in section 3 and in section 4, we prove that it has a



product form solution. In section 5, we present some examples and we also show that some of the
previous results already published are corollaries of our results. In this section, is also discussed
the existence of a solution to the flow equation using a new kind of arguments based on equivalence
between networks.

2 Complex behaviors as asymptotic of G-networks with triggers

We recall the basic model of G-networks with triggers with a single class of customers. For the
sake of simplicity, we restrict ourselves to single class networks. This section is mainly concerned
with the asymptotic behavior of these networks when some service rates grow to infinity (i.e. the
service-time distribution for some stations will become smaller and smaller).

2.1 G-networks with triggers

Gelenbe considers a network with N stations. The service times are independent and exponentially
distributed with parameter p;. Customers (resp. signals) arrive from the outside according to
independent Poisson processes with rate /\Z'-" (resp. A;7). The routing is Markovian. At the
completion of its service in station 7, a customer is routed to station j with probability Pj]', goes
outside with probability d; or becomes a signal with probability ;. When a signal enters station
J, it triggers a customer to station k& with probability ();i or to the outside with probability D;.
Thus G-networks with triggers exhibit synchronization between three queues: a departure at the
service completion time in queue ¢, the triggered movement of a customer in queue j, the arrival
of this customer in queue k. Let n; be the number of customers in station ¢ and 7 the network

state in equilibrium, state transition rates are:

Qii-ci—cver = MiP;Qiklin>011{n, >0}
Qitji—ei—e; = iP5 Dilin 5010503
Qi it—cive, = (MPZ}' + /\{Qij) 150y (1)
Qni-e = (Nidz‘ + A7 D + B ]l{nj=0}> 1501
Qv = A

Let us now present Gelenbe’s theorem for G-networks with triggers (see [14] for a detailed
proof) :

Theorem 1 (Gelenbe) Consider an open G-network with triggers, if the non linear flow equation
N+ ipi P+ 0D 1ipi PrpeQui
J j k

pit Y pipiPy

J

(2)

pi =

has a solution such that

pi <1 Vie[l.N] (3)
then the steady-state distribution exists and has a product form
N
p(i) = [T = pi)pi (4)
=1



2.2 Examples

Consider the G-network with triggers depicted in figure 1. We assume that queue 1 may send a
signal to queue 2 with probability P,. When a signal arrives in queue 2, it moves a customer to
queue 4. After a service in queue 4 the customer is sent into queue 3 as a signal with probability
1. In that queue, the signal triggers a customer from queue 3 to queue 5. In queue 5, the customer
receives service and is routed as signal into queue 2. The routing of customers and signals is
completely specified by the three routing matrices associated to this network:

0 PL PL 0O 0 P, 000 00000

Phi 0 PL 00 0 0 00O 00010
Pr=| P, P, 0 00 P=]0 0 00 0 Q=10000 1| (5

0 0 0 00 0 0 100 00000

0 0 0 00 0 1 000 00000

The external customers arrive according to Poisson processes with rate AT for station 4,i = 1,2
and 3. Stations 4 and 5 do not receive customers from the outside. We also assume that there
is no external signals arriving in the network. Let py and us be the service rates in stations 4
and 5. Remember that the service times have an exponential distribution and the steady-state
distribution has a product form for all values of u4 and ps.

Figure 1: G-network with triggers

2.2.1 G-networks with synchronized partial flushing

Now, let us consider a new interaction between signals and customers which define a new type of G-
networks. This interaction is depicted in figure 2 to emphasis the relation with the G-network with
triggers illustrated in figure 1. This network contains three queues. The services are exponential
with rate p; for station ¢. The customers move between stations according to a routing matrix
3 x 3: Pt. We assume that the external arrivals in queue ¢ follow independent Poisson processes
with the same rate /\Z'-*' as in the previous model. Queue 1 sends signals to queue 2. Let ny(¢) and
ng(t) be the number of customers in respectively queues 2 and 3 just before the arrival of a signal.



A signal at its arrival into queue 2, acts as follows:

(6)

If ny(t) < ng(t) then ng(t+¢) =0 and n3(t + <) = ng(t) — na(t)
If ny(t) > ng(t) then na(t4+¢€) =na(t) —na(t) — 1 and nz(t +) =0

+

A,

&

Figure 2: Associated network with synchronized partial flushing

This network is a simple example of G-networks with synchronized partial flushing which has
been defined in [22]. It has been proved in [8] that multiclass G-networks with synchronized partial
flushing have a product-form steady-state distribution.

2.2.2 Increasing the service-rates of triggered customers

Clearly, both previous models are related. Consider the G-network with triggers in figure 1.
There is a directed cycle consisting of stations (2,4,3,5). At each time the cycle is completed,
two customers disappear from the network: one is moved from station 2 to station 4 where it
receives service and becomes a signal which disappears when it arrives in station 3. The other
one disappears after transitions between queues 3, 5 and 2. The cycle can be used until a signal
arrives into an empty queue. The completion time of a cycle is the sum of the two sojourn times
in stations 4 and 5 as the effect of signals in stations 2 and 3 is instantaneous.

Assume now that we have modified the service-time distribution in queues 4 and 5 to be in-
stantaneous. We do not claim, at this moment, that this new network has a product form solution.
The idea is just to compare the dynamics of this network with the dynamics of the G-network with
synchronized partial flushing depicted in figure 2. To the best of our knowledge, queueing networks
with instantaneous services have not yet been considered, mainly because Jackson’s networks with
instantaneous services still have the same dynamics.

Consider the effect of a signal which enters queue 2 arriving from queue 1. Assume that there
are some customers in queues 2 and 3 at that time. The signal triggers a customer into queue 4
where it is transformed into a signal which joins queue 3 instantaneously. The second part of the
cycle is also performed instantaneously: the signal moves up a customer from queue 3 to queue
5 where it is transformed into a signal which enters queue 2. Clearly, this dynamic will continue
to delete customers from queues 2 and 3 until it vanishes because it enters an empty queue. So
the effect of this dynamic is to suppress in an iterative manner one customer in queue 2 and one
customer in queue 3 until queue 2 or queue 3 is empty. Clearly, the number of customers deleted by



the signal is exactly defined by the dynamics of the G-network with synchronized partial flushing
(figure 2).

But this network may be approximated as close as we need by the G-network with triggers of
figure 1. Remember that this network has a product-form solution for all values of service rates pi4
and ps as soon as the flow equation has a solution smaller than 1. Clearly increasing the service rate
makes the system more stable and the flow equation still has a solution if we increase the service
rates from a point where the solution exists. Assume now that one increases the service rates (i.e.
in station 4 and 5) continuously without any modification to the other parameters. If py and ps
grow to infinity, then the service times and the sojourn times in queues 4 and 5 tends to zero; the
services in these stations become close to instantaneous. So we may approximate the unknown
solution of network of figure 2 by the product-form solution of the network depicted in figure 1.
This paper is motivated by such an idea. We do not prove that the limits exist but we consider all
the dynamics which may be defined by G-networks with triggers and instantaneous services and
we prove using global balance equation that these networks have product form solution.

3 The Model

We consider a model of N queues, C' classes of customers and H classes of signals. As in BCMP
theorem [1], we consider that the service discipline in the queues can be of different types. We will
refer to these discipline types using the same type numbers as in [1] and the one used by Gelenbe
in [7]. The discipline types we use are the following;:

e Type 1: first-in-first-out (FIFO),
e Type 2: processor sharing (PS),
e Type 4: last-in-last-out with preemptive resume priority (LIFO/PR).

Service centers with an infinite number of servers are not considered here since this type of
discipline does not fit with our model. This is the type 3 described in [1].

We consider queues where external arrivals follow independent Poisson processes. We denote by
)\Z(-k) the external arrival rate of class k customers to queue ¢. Note that without loss of generality,
we do not consider external arrivals of signals.

All services are exponentially distributed, but only customers receive service. For customers of
class k in queue 7, the service rate is noted p; . At its service completion in station ¢, a class k

(%)

i, or be routed to another service center

+(km)
B
Therefore, we have to set the following relation:

customer may either leave the network with probability d

7. In this case, the customer is routed either as a customer of class m with probability

as a signal of type h with probability Qf,}h

or

N C N H
viok 33 P YN Qb 4 =1 (7)

7=1m=1 7=1h=1

To each signal of type h corresponds a list Sy, of queues the signal has to visit in the order they
appear in that list. The role of the signal is to remove one customer from each queue it visits. The



list length may be finite or infinite, we note Lj, its size.

So, when a signal of type h arrives to queue j, it tries to remove a customer with a certain
probability and according to the service discipline of that queue. The removing probability will
depend on the type of the signal, the queue it visits, the customer class it tries to remove and the
position z of the station in the list .S,. We will note this probability D; ., 4 .

Note that a queue j may be visited several times by the signal because it may appear several
times in the list. At each visit to this queue, it may also remove a customer of the same class
m. We denote by n(h, Ly, j, m) the number of occurrences of couple (7, m) in the list of length Ly,
associated to signal h.

If in one of the stations visited the signal fails in removing a customer, then it vanishes and
the deleting process stops. In revenge, if the signal succeeds the removal in each queue it visits,
it has then to add with a certain probability a new customer to a queue. This queue is the last
one the signal visits before it vanishes and does not appear in the list S,. We will say that this
queue is the (Lj 4+ 1)th queue of the list. The customer added in this queue can be considered as
a customer resulting from the Lj; customers removed by the signal from the different queues. We
note ay, 41, the probability to succeed in adding a new customer of class [ in queue Lj, + 1.

Note that in the case of infinite list, the new customer can not be created because the deleting
process will be interrupted by the visit of an empty queue. So, the signal will immediately vanish.

3.1 State Representation

The state of the network will be denoted by the vector @ = (7, iz, ..., 7ixy) where component 7i;
is the state of service station ¢. For all service disciplines, the number of customers in a station ¢
will be denoted by |7;].

The state of each station will depend on the service type of this station. For a FIFO or LIFO
service station ¢, this state will be described by the vector 7; = (r; 1,72, ..., "i,00) Whose length
is variable and whose component r;;, denotes the class of the zth customer in the queue. In
particular, r; ., denotes the class of the last customer in queue i. Note that the first customer in
a FIFO or LIFO station is the one in service.

For a PS service center, the state is represented by vector 77; = (n}, n
nent n¥ is the number of customers of class & in the queue i.

2 c
EOR 15

¢) whose compo-

3.2 Notations

We denote by (7; 4 ¢€; %) the state of queue ¢ with one more customer of class k. Note that this
customer is the one in service for FIFO and LIFO service centers. In PS, it adds one to the kth
component. The notation (77; — ;%) is used to describe the converse situation.

As v(h, z) denotes the service station number visited by the signal of type h at the zth position
in the list Sp,, z(z) denotes the customer class removed from this station during this visit. In
particular, v(h, Ly, + 1) refers to the service center visited at the Lj + 1 position, which means the
queue which receives the new customer.

Besides S;, which is an ordered list of service stations visited by a signal of type h, we define ¥
as a vector which corresponds to an ordered list of removed customer classes. This vector is not

|



unique and will take its values from the set of all possible lists of customer classes that may be
associated to signal h.

Since the removal process may be, as explained before, interrupted for different reasons, we
decompose this set into 2 subsets, I'(h), a set of all possible lists of customer classes whose length
is Ly and A(h), a set of all possible lists of customer classes whose length is less than L. If
¥ components are elements of a list belonging to set ['(h) then |§] = L. If § components are
elements of a list belonging to set A(h) then |g] < L.

Note that we assume without loss of generality that to all service stations arrive customers of
all classes either from outside the network or from other service stations in the network.

To have a better idea of the subsets I'(h) and A(h) contents, consider the G-network with
synchronized partial flushing depicted in figure 2. Assume that signals of this network may be of
only 2 types, hy and hg, and that there are only 2 classes of customers, ¢; and cs.

e To a signal of type hy we associate the ordered list Sp, = {2,3}. So, this list contains the
station numbers the signal of type hy has to visit.

The subset I'(hy) which is defined as the set of all possible lists of customer classes whose
length is Ly, = 2 will contain 4 lists of classes as follows:

F(hl) = {{en, e}, {ers o}, {ea, e}, {eo, e} }

e To a signal of type hy we associate the ordered list Sp, = {2,3,2,3,2,3,...}. This list is
infinite, so Ly, = oo and subset I'(hg) will be as follows:

F(hg) = {{017017017 ey Cpy e .}, {02,01,61, ey Cpy e .}, {Cl,CQ,Cl, ey Cpy e .},

{Cl,Cl,CQ,...,Cl,...},...,{Cl,cl,cl,...,CQ,...},...,
{02,62,01,...,Cl,...},{62,61,62,...,Cl,...},...,
{CQ,Cl,Cl,...,CQ,...},...,{CQ,CQ,CQ,...,CQ,...}}

Now and before we give the main theorem and its proof, we need to introduce some notations
to carry out algebraic manipulations with some independence from the service center type.

e The state-dependent service rates for customers of class k at service station ¢ will be denoted
by M; 1 (7;) where 7i; refers to the state of the service station ¢. From the definition of the
service rates p; ; and according to the service center type, we have:

— FIFO/LIFO: M; () = pi gy, =)
k
= PS: My (i) = pi gy L >0y

e We denote by A; j(z;) the condition which shows that it is possible to be in state 7; after
the arrival of a positive customer of class k:

— FIFO: A; 1 (7;) = 1y, =k}
— LIFO: A; () = 1gp, =gy



— PS: Aj(i) = Liksoy

e N; denotes the conditions, given the system in state 7;, that an incoming signal of type h
does not succeed in deleting any customer in queue ¢:

— FIFO: Ni,k(ﬁi) = ]1{|ﬁ1.|=0} + chzl(l — DLk’h’x)ﬂ{,ﬂi}l:k} where D;pp.=D;Vk h,x
— LIFO: Ni k() = N, =0y + Lhomt (1 = Dioz) Uiy, =y

nk
— PS: Ni,k(ni) = ]l{|ﬁz|=0} + chzl(l — Di7k7h7x)|_ﬁ1—|n{|ﬁz‘|>0}

e 7(h,i, ) denotes the probability to be in state 7 after the arrival of a signal of type h which
destroys |i| customers:

— FIFO/LIFO:
Z(h,ii,e; ) = Digp
Z(h’ ﬁa i + ei,k) = Z(h’ ﬁa ﬁ)Di,k,h,WHl

=

R nf+n(h,Lh,i,k)-|—1
Z(h,wi, i@+ e ) = Z(h, 5, @) 7= 7m0 Dikhal+1

- PS:
Z(h,ii,e;)) = 1 [+ D; gk
( [n:|+n(h,Lp,7)+1

4 Product Form Theorem

Let II(7) be the stationary probability distribution of the network state if it exists. The following
theorem establishes the existence of a product form solution of the network type being considered.

Theorem 2 : Consider an arbitrary open G-network with C' classes of positive customers and H

classes of signals. If the system of non-linear equations:

‘|‘Z 12 =1 HjmPjm P+(mk)+A

Pik = 8
Hi K + Ai,k ( )
where
N H Ln
Ay =22 Hjm Pjm @ "T1 (pv(h,x),z(x)Dv(h,x),z(x),h,x) i kL, <ooy L iu(h,Ly+1)=i}
j=1h=1gel () z=1

|7

N C H
Az_,k = Z Z Z Z ]qmp]JnQ;’? 3 H (p'u h,z),z(z) ( x),z(x),h,x) Di,k,h,|g}'|+1n{'u(h,|17|-|—1)=i}

has a positive solution such that ¥V i,k p;r > 0 and for each service station t, Zle pik <1

then the stationary distribution of the network state exists and has a product form:
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1) = G ] 9:(7:) (9)
=1
where g;(n;) depends on the type of the service station i as follows:

e FIFO/LIFO:
7]

_ Tin
= H P;
n=1

e PS:
]C k

li'[ n;

and (G is the normalization constant.

Proof of theorem?2: The proof consists mainly of algebraic manipulations of the following
Chapmann-Kolmogorov equation:
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Let’s give some explanations about the different terms of the equation. In the right hand side
of the equation, the first term corresponds to the arrival of a customer from the outside. The
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second and third terms correspond to a service completion of a customer of class k in station ¢ and
a departure of this customer to the outside in the case of the second term and to another queue j
as a customer of class m in the third term.

In the fourth term, after a completion of its service in station ¢, the customer of class & becomes
asignal of type h which visits Ly, service centers and succeeds with a certain probability in removing
a customer at each visited station. Then it succeeds with probability «; ., in putting the resulting
customer in queue j as a class m customer. This is the case where the list length Lj is finite.

In the fifth term, we consider also finite lists, but in this case the signal does not succeed in
putting the resulting customer in queue j.

The sixth and last term describes the case where the signal fails in removing a customer from
a visited queue. There are 2 reasons for that. The first one corresponds to the case where the
signal arrives to an empty queue and the second one to the case where it fails in the removal of
the customer. In both cases the removal process stops and the signal vanishes. In this term, we
also consider the case of infinite lists.

For the sake of readability, the proof of the theorem is in appendix A.

a

Now, we can compute by some trivial algebraic manipulations the steady-state distribution of
the number of customers of each class in each queue. Let 4; be the vector whose components are
uf, the number of customers of class k in station 7. Let @ be the vector of vectors ;.

Theorem 3 If system (8) has a solution, then the steady-state distribution ©(7) is given by:

where the marginal probabilities h;(7i;) have the following form:

c c (pig) i
hi() = (1 - Z) ! TT P4

k=1 k=1 Wik

We omit the proof of this theorem since the result is quite usual for multiple-class queues.

5 Examples, Related Works and Stability

Let’s turn now into some details and examples about the model we presented in section 3. First,
we present two examples to show some dynamics which may be described by multiple-class list
oriented deletions. We also show that using a migration of signals described by a list rather than
by a product of routing matrices may be more powerful to design models. This is already known
in the context of the routing of customers using Kelly’s formalism for customers classes.

11



We then explain how to obtain the main results on multiclass G-networks previously published
using some restricted sets of lists. This, to the best of our knowledge, proves that our theorem
generalizes most of the results on multiclass G-networks.

Finally, we present some results about the existence of a solution to traffic equation (8). Unlike
in Jackson’s network, the traffic equation of a G-network is not linear. Thus, the matrix Pt
properties are not sufficient to prove the existence of a solution to this equation. Usually, Brouwer’s
theorem [9] is used and as the traffic equation changes slightly for the various models, variants of the
initial proof have been published [5][6][11][20]. We do not present here a new version of this proof.
Instead, we investigate the existence of a solution to system (8) using a new type of arguments
based on the equivalence between networks. Indeed, we show using the examples introduced in
section 2 how the existence of a solution to traffic equation of a G-network with triggers implies
the existence of a solution of a G-network with list oriented deletions. Furthermore, we show that
these solutions are somehow related.

5.1 Examples

5.1.1 Specific signal routes

Consider the topology of the queueing network illustrated in figure 3. In this network, signals may
be only of two types hy and hg, and the customers migrating between stations are of 2 classes ¢y
and cy.

POl
,,,,, - . 7 R
. .
. 7 NPyt
. ,

|:>-02 a 62
—_—

————— h=1
h=2
Figure 3: Routes of signals of types hy and hy
Signals of type h; can enter the network only via station 1 with an arrival rate A} = % To

each signal of that type we associate the ordered list Sy, = {1,3,4}. So, when a signal of type
hy arrives into the network, it will try to remove a customer from stations 1, 3 and 4, in that
order. If it succeeds, we assume that the signal will add a customer of class ¢; to station 6 with
probability ag., = 1. Customers which enter station 6 will leave the network just after their
service completion.

Similarly, signals of type hy can enter the network only via station 2 with an arrival rate
Ay = % To each signal of that type we associate the ordered list Sy, = {2,3,5}. At the end of the
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deleting process, we assume that the signal of type hy will add a customer of class ¢y to station 6
with probability ag., = 1.

We assume that the removing probabilities will depend only on the customer class. So, for
all € IN, for all ¢ (i = 1,..,5), and for all b (h = hy, hy) we set D; o 1, = 1and D;q,pe = 0.
Furthermore, we define Fy; as the routing probability from outside the network to station ¢ and
we set Py, = By, = %
Assume now that the system is in steady-state and that state is @ = (7, fia, fi3, 74, 75, 7ig) .-

For Processor Sharing discipline, each component of the system state vector 7@ is noted
ii; = (n$',n$?) where n¥ is the number of customers of class k in station i. In this example, we
assume that 7 = ((2, 1)7 (1,2),(2,2),(3,0),(2,1),(0,0)). The external arrivals of signals will lead

to the states and according to the probabilities given by the following table:

Accessible state: (i1, @iz, s, 74, U5, lg) | Probability

((2,1),(1,2),(2,2),(3,0),(2,1), (0,0))

[
W=
_'_
[
wWIino
[l
[

(1,1), (1,2), (2,2), (3,0), (2,1), (0,0) | 324 =1
(L 1), (1,2), (1,2), (2,0), (2,1), (1L0) |323=}
(2,1),0,2), (2,2), (3,0), (2,1), (0,0) | bd=5

((2’ ]‘)? (0’ 2)? (1? 2)’ (37 0)7 (2? 1)? (0’ 0))
((2,1),(0,2),(1,2),(3,0), (1,1), (0, 1))

[
W=
l\’;h—l
=
8

[T

Wl

l\;|>—t

o
|

—

[¢9)

For LIFO /PR discipline, the number of customers of each class in each station 7 is the same
as for processor sharing discipline. However, the state vector #; will be a vector which component
r;» denotes the class of the zth customer in the queue . In this example, vectors 7; are defined
as follows:

number of customers | state 7; = (r; 1,72, ")
|’ﬁ:1| =3 ’ﬁ:l (Cl,CQ,Cl)
|7i2| = 3 fiy = (c1, ¢g, C2)
|ﬁ3|:4 ﬁgZ(Cl,Cl,CQ,CQ)
|ﬁ4|:3 ﬁ4:(01761701)
|ﬁ5| =3 7_7:5: (CQ,Cl,Cl)
|7is| = 0 =()

The following table gives the number of possible states after the arrival of a signal into the
network, with in each case the associated probability:
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Accessible state (7, fia, fi3, T4, i, Tig) Probability

((c2, 1), (€1, €2y €2), (€1, €2, €2), (c1,¢1), (e2y €1, ¢1), (¢1)) | $.1.1.1=1

11=1

((Ch Co, Cl)7 (627 62)7 (Cly Co, 02)7 (Ch C1, Cl)7 (627 C1, Cl)7 ()) 2

[ 1

The results are presented as a product of fractions to emphasis elementary events of each transition.

5.1.2 Aperiodic cyclic trajectory of signals

In this example, we consider a network of two stations with 2 classes of customers and one type
of signals (C=2 and H=1). Let ¢; and ¢y be the customer classes and h; the signal type.

We assume that external signals enter the network via station 2 with rate A; = 1. Therefore
routing probabilities are Fj; = 0 and Fj; = 1. When a signal enters station 2, it will try to
remove one customer from station 2, one customer from station 1, two customers from station 2,
one customer from station 1, three customers from station 2, etc. So, this trajectory builds up the
infinite list S5, = { 2 ,1,2,2,1,2,2,2,1,2,2,2,2,1---}.

NN e S —

1 2 3 4

Figure 4: Aperiodic cycle trajectory

We assume that the service discipline in station 1is Processor Sharing and the service discipline
in station 2 is LIFO/PR. Furthermore, we consider that, for the processor sharing station (station
1), the deletion probability of a customer depends only on its class. A signal will succeed the
removal of a customer of class ¢; with probability Dj . 4, > = 0. In revenge, it will remove a
customer of class ¢y with probability Dy ., 4, » = 1.

In station 2 where the service discipline is LIFO/PR, the deletion probability of a customer
depends on the customer class and its position in the queue. So, for z € IN*, a signal entering this
queue will delete a customer of class ¢; with probability Dj ., n, .« = % and a class ¢y customer
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with probability Dy e, 5y =1 — L.

We consider that the initial state of the network is @ = (71, fiz) where 7y = (ni*, n$?) = (1,2)
and 7y = (rgq1,72,2,72,3,724,72,5) = (€1,€3,¢1,¢3,¢1). The arrival of a signal into the network
triggers a transition state according to the following probability distribution:

Accessible state: (71, 7i3) | Probability
((1,2),(C1,C2,C1,C2,C1)) (1_ %) =0

((1,2), (c2, €1, €2, ¢1)) 111
((171)7 (627 61762761)) %% %)

1 2 1 AN
((1,1), (e1, €2, ¢1)) 3{l—3 (5) =9
((la 1)a (C2a Cl)) % % % (% — %

((0,1), (e2. 1)) 12()

OJIN)

W=
DO =
TN TN N ~
=
SN—
Il
3=

((Oa 1)a (Cl))

,_.|._.
CAJII\D

1
-3

W=

((0,1), () i

OJIM

(
()
(1-3).
(1-3)
5(1-3)
(

1-3) 34 (1-%) 3=

In this example, when a signal enters station 2, if the last customer which entered the station is
of class ¢; then it succeeds the removal of at least one customer.

5.2 Related Works

In [21], Serfozo et al. present network processes where the transition rates are a product of a
system-dependent transition rate and a string generation rate. These models include systems
where the state of a station can be negative. A string is composed of vectors with negative or non
negative entries. This result emphasizes the form of functional decomposition of service rates and
transition initiation rates.

In this paper, we focus our study on Markovian networks that involve a non-negative state
space (]NN). We study the station nary behavior of G-networks in which lists are strings of the
unit vectors €; using Serfozo’s formalism. Vector €; represents one unit in station 7. As the states
of the systems are in INV, a transition involves a service completion of a batch of customers at
various stations and the addition of one customer at another station. Our main theorem states
that these G-networks have a product form solution with a traffic equation which depends on the
list associated with the signal type.

The results we present in this paper are general since we consider G-networks with multiple
classes of both customers and signals. Furthermore, and unlike Serfozo et al., we consider several
service disciplines (PS, LIFO/PR and FIFO) for which we express and set clearly the dependence
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functions that are sufficient to preserve the product form solution. In this study, we also show
precisely the trajectory of the effect of a signal in a transition.

To the best of our knowledge, almost all previously published results on multiclass G-networks
may be formulated in terms of lists. Our formalism may also be used for models where only a
single class of customers and a single class of signals are considered. Here below are some examples
of the main results in which the list formalism may be used.

e The first result of Gelenbe on generalized networks [10] concerns networks with single class
of customers and single class of signals. A signal has an effect on only one station, which
in our model corresponds to the case where Ly = 1. Furthermore, if a signal succeeds the
removal of one customer, then this customer is always triggered outside the network. So,
v(h, L+ 1) = 0. In relation with routing matrix notations, we have P = Q?,j]l{u(h,l):j}
and Dy(p2),2(z),h,e = 1 for all signal type h and all customer position z in the station v(h, ).

e In [15], Gelenbe extends its first result to include the effect of batch removal. Following
the notations introduced in this paper, the length of a list Lj is always finite and contains
only one station index, say j, such that S, = {j,7,...,7}. Since in Gelenbe’s model the
batch of customers is always triggered outside, we then have for all h, v(h, Ly + 1) = 0.
Since batches may be of different sizes and different contents, the number of signal types
H can be infinite. As each customer batch corresponds to one signal list, we have then

[
- h
Pij Tl = Qi,j H ﬂ{v(h,a:):j}-
r=1

e In [14], Gelenbe presents another extension of its previous results called G-networks with
triggered customer movements. The length of each list is reduced to one station (Lj = 1).
In this model, a signal can trigger a customer from station j to station [ with probability
(ji- So, using the routing matrix notation, we have P Qi = th,j]l{u(h,l):j}]l{u(h,Q):l}-

e In [3, 5], authors present a new version of G-networks with catastrophes. In these networks,
a catastrophe is represented by a signal. If a signal enters a station, all customers in this
station are immediately triggered outside the system. The networks considered in [5] are
a multiple class version of G-networks with jumps back to zero. Using the list formalism,
we can associate to each signal h an infinite list where then L, = oo and S, = {j,7,7, -}
Moreover, we have, for 1 < ¢ < N, PZ-;(k) = Qﬁ}hﬂ{v(h,x)zj, zeN} and Dj g = 1 for all
station j, customer class m, signal type h and customer position z in the queue.

e In [4], monoclass G-networks of queues with batch services and customer coalescence are
considered. Each station of this network is able to serve a batch of K; customers. At a
service completion at station j, if all customers of the batch are served, then these customers

coalesce to form a single customer which then goes to another station [ or leaves the network

(I =10). The associated list is such that L, = K; and v(h, L,+1) = 1. Thus S, = {7,4,...,7}.
K

The routing matrix notations are such that P; = Qﬁ] H Vo(h,z)=33 Yo(h,Ln+1)=1}

r=1

e In [8], multiclass G-networks with cyclic synchronizations are presented. A cycle is defined on
disconnected subsets of stations of the network. When a signal enters a cycle, it iterates the
deletion of customers in each station of the cycle until it enters an empty station. Using our
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formalism, the number of cycles will correspond to H and for each signal type h Ly = +o0.
For a cycle @ with length L,, the associated list is then Sy = {4y,...,41,41,...,%1,...} where
N ——

La
L, is the number of stations involved in cycle a.

In [6], multiclass G-networks with iterated deletions are studied. In these networks where
several service disciplines are considered, when a signal enters a station an iterated deletion
process starts. At each step of the deletion process, a customer is removed according to
a probability which can depend on the service station and the class of the customer. The
process stops when the deletion fails or the station is empty. Using the list formalism it is
possible to represent this kind of dynamic by setting for all h, Ly = +oo, and the list is
Sn =44,4,4,---}. The probability of deletion depends on station j and customer class m
only, Djm hz = pj and the routing matrix is restricted to PZ-;(]C) = Qi‘c,’jhll{u(h,x):j, zeN}-
In [22], networks with general signal routes correspond to monoclass version of our result
with the restriction D;pne = p; = 1 for all station 7. The number of signal types can be
infinite. As in this paper, all signal routes are represented by a list of visited stations.

5.3 Existence of a solution to flow equation

Let us consider again the two examples introduced in section II. Again, we just present an example

and for the sake of readability we only consider single class networks. The reduction argument

that we use in the following applies also to multiclass networks.

Consider the G-network with triggers depicted in figure 1. Taking into account the arrival and

service rates and the transition matrices, we obtain the following traffic equations:

A
P o= ot
3
X)L Phuip
P2 p2+Pp1 141505
o Aatd i Phuip
pP3 = ( ta+t i pa |
Pop1p1+usps)p2
_ 12
= papsps
_ Wapsps
P5 = s

While the G-network with synchronized cyclic departures depicted in figure 2 is associated with

the following traffic equations:

- M
no= N
o td i Phuig
2 = Plop1ql
+
K2 g
o datd o Pluia
3 = Por19192
pa+ 122
1—-g293

(11)

Assume that a solution exists to traffic equation (10). Then we can make the following substi-

tution:

taps = (p1p1Pry + psps)pz  and  psps = papaps
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Therefore we get,

502 P
and  psps = H1p1pP2P3147 9 (13)
1= paps 1 = paps
Clearly, vector (p1, pz, p3) is also solution of system (11). Therefore the existence of a solution

to system (10) implies that a solution exists also for system (11).

2 Pr
[4ps = H1P1P2179

Based on this result, we state the heuristic that, in all cases, using a G-network model with
lists, we can build a model of G-networks with triggers with more service stations. Moreover, both
models will have the same solution to their traffic equations. As the existence of a solution to
G-networks with triggers have already been studied, it is then sufficient to consider this solution.

6 Conclusion

In this paper, we studied a new type of generalized networks of queues with steady-state product
form solution. The dynamic of these networks is complex as we considered several classes of
customers and signals, three types of service disciplines (FIFO,LIFO and PS) and a probabilistic
deleting mechanism which is based on iterated deletions of customers according to an arbitrary
list of stations. We showed that networks with a such dynamic has a product form solution and
using new kind of arguments based on equivalence between networks we discussed the existence
of a solution to the flow equation. This model is general since its formalism is, to the best of our
knowledge, powerful enough to represent almost all previously published results on multiple class
G-networks.
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A Technical Appendix

Before proceeding with the theorem proof, we need to introduce some technical lemmas.

Lemma 1 : For any type of service center, the following relation holds:

- II(7 + e;
M; g (7 + € k) W = Wi kPik

Proof: The proof is purely algebraic.

Lemma 2 : N, (7;) can be rewritten as N; (7;) = 1 — Egzl D; johofi k(i) where f; ;(7;) will

depend on the service station type as follows:

o FIFO/LIFO: fi () = gy, =

k

o PS: fir(:) = 7

i

Lm0y

Proof: The proof consists of algebraic manipulations.

Lemma 3 : The following relation holds for each service station type:

L M(i+ey) &I
Z(h, 7, y) T)'y' = 1:[1 (pv(h,x),Z(x)Dv(h,x),Z(x),h,x)

Proof:
First, let’s write the left hand side, noted F’, of the equality using the definition of ey:

H(ﬁ + Efll ev(h,.r),z(a:))
T (7)

F = Z(h,7,7)

F can also be written as:

= |7]—1
11 (n + 000 €u(ha)a(z) T €v<h,|g|),z(|z7|))
11 (7)

F = Z(h, 7, i)

Now, the rest of the proof will depend on the service station type.
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e FIFO/LIFO:

As for such service station types

= Z(h,7, )

H(ﬁ+5i,k
1(7)

= pik, we then have:

<n+zly| 1 o(h) e ))

By recurrence on |g], we then have:

)

Pu(h,|71),2(171)

|71

= Z(h’ m, !7) H Pu(h,z),z(x)

Since for both service station types Z(h, 7y, i) =

r=1

Hf:'l Dy(hz),2(z),he We Obtain:

|71
H (Pu k. Dy ) 2 ),h,x)
This completes the proof.
e PS:
As for such service station type ﬂﬁ#} = pPik |n;|111 we then have:
Iyl r,
(7 4+ 0 e ato) [P hgn] +1
F=Z(h,7, ) = Py (k|41 Dulul) [T
o (7 v(h A7) =) (1)
( ) Pz T 1
By recurrence on |g], we then have:
o (] + 1 | jg1-1)| + 1
= Z(h7 n, y) (pu(h,|g7|),z(|g7|) 2(17)) 1 Pu(h,|71-1),2(|7]-1) 2(|71-1) 1
() T T (hlgi-1) T

) [ny(nyl +1
. v(h,1),z -1
(h1),2(1) 7 21))_|_1

Replacing Z by its expression for PS service center, we get:

!

This completes the proof.

(Pu b,z

u(h,ac),z(.z‘),h,x)



Proof of the theorem 2

Let us now prove that the solution given by the theorem satisfies the Chapmann-Kolmogorov
equation.

[M=i0]e
Mo =
gl
=
=
S
o

o)

=1

£
Il
-

i) (7 — e 1)

o
Il
—
o
Il
—

+e; k)d(k)ﬂ(ﬁ +eik)

S
—~~
S

_|_
M=i
Mo

o
Il
—
o
Il
—

= = k,m =
M (7 + e — €j,m)Aj,m(nj)P$( (i + i — €;m)

)

+

M=
M=
Mo =
Mo

1

o
Il
—
o
Il
—
o
Il
—
Il

H
Z Z zk n+ezk+eLh e],m)A],m( )Qk hH(n‘l'ei,k‘l'eLh - ej,m)
1 h=1 gel'(h)

(h, n, y) Q5m ﬂ{'u(h,Lh-}-l):]} H{Lh<oo}

> Mig(ii+ e+ €Lh)Qf,’th(ﬁ + ek +ern,)
gel(h)

+
™=
=1
Mo
Mo

o
Il
—
o,
Il
—
o
Il
—
Il

4
™=
NE
Mo
Mo
M=

o
Il
—

o
Il
—
B
Il
—
Il
—
>
Il
—

Z(hy ity ) (1 = ajom) Liy(n, Lt 1)=i3 L {Ln<oo}

H
S0 Mip(i+ e+ €|@‘|)Qf,}hﬂ(”7 +eik +€g)
FEA(R)

_|_

™=
]=
Mo
Mo

.
Il
—

o
Il
—
o
Il
—
Il
—
>

—_

Z(h, ity §) N (785) Lo (| g141) =)

Dividing both sides of the equation by II(7) and using lemmas 1 and 3, we have:
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330 A () L )

=1 k=1 ' A H(ﬁ)
+ ZZHiszkdE)

1=1 k=1

(7 — €jm)

N C C
+ XX X mipiaP T A () =

N N ¢ ¢ H i Ly (7 — ;)
+ ZZ Z Z Z Z(: )Ni,k/oi,in,j 1_[1 (pv(h,x),z(x)Dv(h,x),z(x),h,x) H(ﬁ) .
gel'(h = ’
Ajon (715) m W, Ly 4 1)=3 L Ly <00}
N N ¢ C¢ H b Ly,
+ 333N i kPi k@ 1:[1 (pv(h,x),z(x)Dv(h,x),z(x),h,x) (1= jm)

i=1 j=1 k=1 m=1 h=1 7€l (h)

ﬂ{u(h,Lh|-|:|1)=j}]1{Lh<oo}
Y

NN ¢ H
+ O33N pippin@il T] (pv(h,a:),z(a:)Dv(h,a:),z(a:),h,a:) N (715) W gy (h, | 71+1)=5}
; ] r=1

Let’s now define A;-"k and A7, as follows:

N H Ly,
+ L h :
Ay = 3> 105,m P Qs 11 (pv(h,z),z(z)Dv(h,z),z(z),h,a:) @i kW gy(h, Ly 41)=i) 1{L) <00}
j:l h=1 y"er(h) r=1
N ¢ H , |71
A = D3> wimpim@Qii 11 (pv(h,x),z(x)Dv(h,x),z(x),h,x) D; ko njg 41 Lgu(n,|g141)=4)
J=1m=1h=1$cA(hL) r=1

=1 k=1

S GRSk s Homk) |y _ TI( = i)
DX AN D impim P A AT | Ak () e
i=1 k=1 j=1m=1 (TL)
N

+ Z > wikpi kdz(k
ZEI k]?l ¢ C H o Ly

+ ZE Z Z Z :u“i,kpi,in”j H (pv(h,x),z(a:)Du(h,z‘),z(a:),h,a:) (1 - aj,m)
=1 7=1 k=1 m=1h=1 @'EF(h) r=1

n{lv_‘(lhiLh‘}'l):J‘} H{Lh<00}
Yy

N N ¢ H
+ Y Y3 wipis QT 1 (pu(h,a:),z(a:)Du(h,a:),z(a:),h,a:) N (T Lo g141)=53
; ] r=1
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I3

Using lemma (2), we then have:

ii[ + M ”z)}:

i=1 k=
B ) TI(7 — ei k)
+(m,k - — €4
ZZ +ZZ/‘L]mmeP +Af, Ai,k(ni)Tﬁ)
i=1 k=1 j=1m=1
N C
+ YD pikp pd®)
ZJ:vl kﬁl c ¢ H L
DI 1iepi k@ T (Poho),a) Dothio), o) ne) (1= o) Lo (h, Lot 1)=3) LLp<oo}
i=1 j=1k=1m=1 h=1gel'(h) r=1
N N ¢ H 9] c
+ ZZZZ /’Li,kpi,inb'h H (pv(h,:c),z(:c)Dv(h,x),z(x),h,x) <1 - Z Dj,m,h,|g'|+1fj,m(ﬁj)>
1=1j=1k=1h=1geA(h) =1 m=1

Wi (n,lg141)=41

Using the definition of A7} and putting the negative part of the right hand side in the left hand
side of the previous equation, we obtain:

N C N C
IDIPIED DY {Mi,k(ﬁz‘) + A;kfi,k(ﬁi)} =

i=1 k=1 1=1 k=1
S G Es Homk) L 4 _ (7 — ei)
S AN DD wimpim PR AL | Agr(i) () :
i=1 k=1 =1 m=1 n
N C k)
+ S i pd!
=1 k=1

N N ¢ C H ok Ly
+ ZZ I Wi ki Q5 1:[1 (pv(h,x),z(x)Dv(h,x),z(x),h,x) (1—ajm)
Lo, La+ )=} 1Ly <o0)

N C H ok Y
+ Z Z Z Mi,kpi,k@i,}' 1:[1 (p’l/(h,l‘),Z(I)D’U(h,l‘),z(l‘),h,.’E)

The previous system can be decomposed into 2 equations, a flow equation and a state-dependent
equation as follows:
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iE1 kil ¢ ¢ H o Ly (14)
+ Z Z Z Z Z /Li,kpi,injjb H (pv(h,x),z(x)Dv(h,x),z(x),h,x) (1 - aj,m)
i=1 7=1 k=1 m=1 h=1 g‘eF(h) r=1

g Diyh,np+1)=3 Ly <00}
Y

N C H
+ Z Z Z Hi,kpi,in‘?jh 1:[1 (pv(h,x),z(x)Dv(h,x),z(x),h,x)

and

(15)

o (B, v +Hmk) | A+ _ I(7 — eik)
NI wimpim Py + A7y Ai,k(ni)in(ﬁ) :
=1 k=1 /

1=1m=1

Let’s first prove that equation (14) is a flow equation. This equation can be rewritten as follows:

N
i=1 k=1
H Ly
+ Z SN Mi,kpi,ka,’jh II (pv(h,a:),z(a:)Dv(h,as),z(as),h,z) 17, <col
N c H = Ly
- ZZ IS ;(h) Wi kPik Qe Hl (pv(h,z),z(z)Dv(h,x),z(x),h,z) @Gom Wy (b, Lpt1)=3} 1{Ly<oo}
7€ r=

|71

N C H
+ Z Z Z Mi,kpi,in}h 1:[1 (pv(h,x),Z(I)Dv(h,x),z(x),h,x)

Putting the negative term of the right hand side of the equation in its left hand side, we then
obtain:
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C
DAL
k=1

C
Z Hi kP, ch( )

M=
Mo
y
™=
M=
AR =

_|_
M=
Mo
Mm

Hi kP, kQZ g H (pv h,z),z(z) ( z),z (I),h,l‘) H{Lh<00}

Z
1=1 k=1 h=1 4
N C H i, Iyl
+ Zl kz hz Z iui,kpi,in,}'b 1_[1 (pv(h,x),z(ac)Dv(h,x),z(ac),h,x)
1= =1 h=1 7 A r=

The last term of this equation refers to 2 cases, the first one is the case where the list size is
infinite (L, = oo) and the second one is the case where the signal h does not succeed in deleting all
the customers in the list (|§] < Lp). Considering these two options, last system can be rewritten
as follows:

C
S Ak =

1 k=1

™=

N C
>3 a4

i=1 k=1

i il

M =
Moy

o
Il
—
o
Il
—

|71
k,h
Z Ni,kpi,kQZ’,j H (pv(h,x),z(x)Du(h,x),z(x),h,x> ﬂ{Lh<oo}
h)UA(R) =1
|71

Z HZ kPi sz] H (pU h,x ( ) (l‘),h,x) H{Lhzoo}

+

™=
Mo
Mm

-
Il
—
o
Il
—
>
Il
—

+

™=
Mo
M::

.
Il
—
o~
Il
—
>
1l

1 7

Obviously this equation is a flow equation. This completes the proof.

Now, let’s prove that equality (15) holds for each service station type.

e FIFO:

7=1m=1

C C 7 .
Z( o (785) + AL fi (7)) = E( +EZumpJ, PR At )Ai7k(ﬁi)w

Using the definition of M; x(7;) and f; x(7;) for a FIFO station, we get:

Mo

Ie! .
m H(n — i
(:u’i,k + A;k) Il{r;ﬂ:k} = Z ( + Z Z HjmPjm P+ ) + A ) %ﬂ{”’m:k}

k=1 j=1m=1

o
Il
—

After some algebraic manipulations and using the expression of p; , we then get:
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C C
kz (Mz',k + Ai_,k> Wgrs i =ky = kE (Ni,k + AZk) Lir; o=k}

To be satisfied, the equality imposes that for all service station ¢, customer class k, signal
type h and position z in the list:

ik = W
Digne = D

e LIFO:

c c o _
Z( ik (72 —}-Azkf, Z) Z( +ZZH3,mp], p+mk)+A )Az‘,k(ﬁi)%

7=1m=1

Using the definition of M; i (7;) and f; x(7;) for a LIFO station, we get:

Mo

C
— m H k3
(i + AT) Wiz = 2 ( + Z Z Himpim P+ AT ) 7(%(75 LN

k=1 j=1m=1

B
Il
—

After some algebraic manipulations and using the expression of p; ;, we then get:
C C C
> (“k + Af,k) Wirgamhy = D ik g mty + ) A =iy
k=1 k=1 k=1
This leads to the following equality:
C C
> (szk + Af,k) Ly i=hy = D (ﬂzvk + Af,k) Lirii=hy
k=1

k=1

This completes the proof.
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PS:

c c n— e
3 (Mi() + AL fisl)) = z( IS 3) ST LRYY, )A()%

1=1m=1

Using the definition of M; j(7;) and f; x(7;) for a PS station, we get:

¢ nk ¢ (7 — ei )
+(m, i,k

3 (in + AL b0 = 2 ( + E Z Hiim P P )+Az‘+,k) T o)
k=1 k=1 j=1m=1
Using equation (8), we then have:

¢ n].c c TL]'C

37 (i + A7) S lgaisoy = 2 (ik + A7) =1 sy

k=1 |n2| k=1 |n2| '

Since nf > 0 implies that |7Z;| > 0, this equation can then be rewritten as follows:
c nk ¢ nk
b (3 b (3
Z (Nz’,k + Ai,k) =1 L{m >0 = Z (Ni,k + Ai,k) =7 >0}
k=1 |n2| k=1 |7L2|

This completes the proof.
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